In this work we examine the basis functions for those classical and quantum mechanical systems in two dimensions which admit separation of variables in at least two coordinate systems. We do this for the corresponding systems de ned in Euclidean space and on the two dimensional sphere. We present all of these cases from a uni ed point of view. In particular, all of the special functions that arise via variable separation have their essential features expressed in terms of their zeros. The principal new results are the details of the polynomial bases for each of the nonsubgroup bases, not just the subgroup cartesian and polar coordinate cases, and the details of the structure of the quadratic algebras. We also study the polynomial eigenfunctions in elliptic coordinates of the n-dimensional isotropic quantum oscillator.
I Introduction
It has long been known that there are potentials for which a given Hamiltonian system in classical mechanics admits a solution via separation of variables in more than one coordinate system 1]. The methodical search for such potentials was initiated by Smorodinsky, Winternitz et. al. in two and three dimensions, 2, 3, 4] and there has been a considerable amount of work for various examples, 5, 6, 7, 8, 9] . A subset of such systems is called maximal in dimension N if there exist 2N ? 1 functionally independent integrals of motion. In some papers, such systems are called superintegrable, 10, 11] . In this work we examine the basis functions for those classical and quantum mechanical systems in two dimensions which admit separation of variables in at least two coordinate systems. We do this for the corresponding systems de ned in Euclidean space and on the two dimensional sphere. In a subsequent work we shall study systems de ned in two dimensional hyperbolic spaces and in complex two dimensional spaces.
For each of the superintegrable systems we observe that, for the discrete spectrum of the quantum mechanical Hamiltonian, one can consider this operator as acting on a space of polynomials 12]. Each eigenvalue is multiply degenerate. However, each separable coordinate system gives rise to an orthonormal basis of polynomial eigenfunctions in this space and breaks the degeneracy. These bases are characterized as simultaneous eigenfunctions of second order symmetry operators for the Hamiltonian 13] . We show that under commutation these symmetry operators close to form a quadratic algebra, 14]. The superintegral systems are of two types: the \normal type" in which the original Hamiltonian is diagonalized, and the \conformal type" in which the Hamiltonian is modi ed by multiplying the eigenvalue equation by a function and considering the energy as xed. The modi ed equation is then interpreted as the eigenvalue equation for a Hamiltonian on a conformal Euclidean space with a \charge" as the eigenvalue.
We present all of these cases from a uni ed point of view. In particular, all of the special functions that arise via variable separation have their essential features expressed in terms of their zeros. The principal new results are the details of the polynomial bases for each of the nonsubgroup bases, not just the subgroup cartesian and polar coordinate cases, and the details of the structure of the quadratic algebras. (For those coordinate systems which correspond to subgroup type coordinates, the nite solutions have already been found. The contribution of this article is to indicate how the remaining nite solutions can be obtained. This invariably involves the use of a Niven type ansatz for the nite solutions; every quantity of interest can be computed in terms of the zeros of the corresponding polynomial solutions.) For the sake of completeness we list all the nite solutions that are possible. We analyse each of the potentials systematically.
In xII and xIII we consider the superintegrable systems in Euclidean 2-space and on the 2-dimensional sphere, respectively. In xIV we examine the polynomial eigenfunctions in elliptic coordinates of the n-dimensional isotropic quantum oscillator.
II Two dimensional Euclidean space
As is well known 1, 13] there are exactly four coordinate systems on the Euclidean plane in which the free particle Schr odinger equation separates: Cartesian, polar, parabolic and elliptic.
We describe these coordinate systems. Let and both the positive and the negative sign must be taken if 0 < k i < 1 2 , so that the polynomials have nite norm 16].
To nd the eigenfunctions in the case of cartesian coordinates we look for separable solutions 
is (x; y)
where E n = !(2n k 1 k 2 + 2) and n = n 1 + n 2 is the principal quantum number. ii) The potential is now 
The orthonormal eigenfunctions are
The energy E takes the values E = ! 2(q + n + 1) k 2 ].
In the case of parabolic coordinates we note that We assume that the positive sign at the k i has to be taken if k i > 1 2 and both the positive and the negative sign must be taken if 0 < k i < 1 2 , so that the polynomials have nite norm 16].
For polynomial eigenfunctions we must have the quantisation condition
for integer q. If we assume that the basis functions n are orthonormal and observe that the opertor L 1 is selfadjoint then we can assume C n+1;n = C n;n+1 . The only nontrivial consequence of this relation is when n = . . The orthonormal basis eigenfunctions are
The operator which characterises this solution and separation is ] + 2Ẽ = 0:
We recognise this as equation (67) 
Note that the operator on the left-hand side maps polynomials in the variables x j to polynomials, without increasing the order. The orthonormalised eigenfunctions calculated in this way form a complete set.
In this paper we have established that once the zeros of a given set of special eigenfunctions, which are essentially polynomials, are known then all the other properties such as normalisation and eigenvalues can be determined from them in terms of algebraic expressions.
